OPEN GROMOV-WITTEN THEORY AND THE CREPANT 
RESOLUTION CONJECTURE 



RENZO CAVALIERI AND DUSTIN ROSS 



Abstract. We compute open GW invariants for 1C p i © O r i , open orb- 
ifold GW invariants for [C 3 /Z2], formulate an open crepant resolution 
conjecture and verify it for this pair. We show that open invariants can 
be glued together to deduce the Bryan-Graber closed crepant resolu- 
tion conjecture for the orbifold [O v i (—1) © Opi (—1) /Z2] and its crepant 
resolution K, r i xP i . 
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1. Introduction 



1.1. Summary of Results. We investigate two striking (conjectural) fea- 
tures of Gromov-Witten theory. 

Crepant Transformation: the equivalence between GW theories of 
two targets related by a crepant birational transformation. In par- 
ticular when the crepant transformation is the resolution of singu- 
larities of a Gorenstein orbifold, this is referred to as the Crepant 
Resolution Conjecture (CRC). 

Gluing: the ability to recover GW invariants for a toric variety /orbifold 
from open invariants of open subspaces covering the target (Gluing). 

We give a complete and exhaustive description for the specific geometry 
in Figure [lj The global quotient X = [C P i(-l) © P i(-l)/Z 2 ] is a Hard 
Lefschetz orbifold having Y = /C P i xP i (the total space of the canonical 
bundle of P 1 xP 1 ) as its crepant resolution. X can be covered by two copies 
of [C 3 /Z 2 ], whose resolutions (^ K r i © O P i) cover Y. 

The four main results of this paper allow us to "complete the square" . 



Theorem 5.1[ We make and verify a Crepant Resolution Statement for the 



open invariants of [C 3 /Z 2 ] and /C P i © Of 

This is the first occurence of a crepant resolution statement for open in- 



variants. We compute the genus open potential for [C d /Z 2 ] (Prop. |4.2[) 
using the methods of [B C10] . In order to evaluate invariants for more than 
one boundary component we generalize Theorem 1 of |Cav08| to the case 
of two-part hyperelliptic Hodge integrals with an arbitrary number of de- 



scendant insertions (Thm. 2.3). Although it may look like it, we point out 



that Theorem |2.3| is not an instance of the string equation in the orbifold 



case. The open potential for /C P i © C P i is computed (Prop. 3.3) using the 
techniques of [KL02J. Some interesting classical combinatorics is required 
to package the potential in a manageable form. 

Proposition |6.1| , Closed invariants for an arbitrary toric CY threefold can 
be obtained by gluing open invariants. 
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Figure 1. Master diagram for the paper. 
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We compare the contributions (to the restriction of the virtual fundamen- 
tal class of the moduli space of stable maps to a given fixed locus) from the 
multiple covers of the fixed lines with the contributions of discs that glue to 
maps in that fixed locus. It is worth pointing out that our definition of the 
disc function is purely local (i.e. it does not depend on the global geometry 
of the threefold), hence these two contributions are not tautologically equal. 
It was recently pointed out to us that a similar check of the gluing occurred 
in [DF051 Appendix B]. 

Proposition |6.2[ Closed invariants for X are recovered by gluing open in- 
variants of [C a /Z2] • 

In the orbifold case we content ourselves with proving the gluing for the 
particular geometry that we are studying. Checking that orbifold invariants 
glue in general is currently under investigation by the second author. 



Theorem 7.2 We verify the CRC (a la Bryan-Graber) for X and Y. 

We point out two interesting aspects of this result. First, while the CRC 
has been verified in many instances ([BG09b, BGP08, BG09aJ), this is the 
first case in which the Bryan-Graber statement is checked for an orbifold 
which is not just a representation of a finite group. In a sense we are checking 
that the Bryan-Graber CRC has indeed a geometric content and is not just a 



group-theoretic feature of orbifold invariants. Second, we prove Theorem 7.2 
by showing that our open CRC is "compatible with gluing", thus gathering 
some positive evidence that the CRC, in the toric case, may be addressed 



locally (see Section 1.2 for a discussion). 



1.2. Context and Motivation. The Atiyah-Bott localization theorem is 
effectively used in Gromov-Witten theory to reduce the computation of GW 
invariants for a toric target to a sum of Hodge integrals over loci of fixed 
maps. Hodge integrals can be evaluated using Grothendieck Riemann Roch 
and Witten's conjecture, hence the slogan that localization turns toric GW 
theory into combinatorics. Alas, this slogan is more often than not a camou- 
flaged admission of defeat for algebraic geometers, who are tipically unable 
to manage the combinatorial complexity and extract meaningful geometric 
information from GW invariants. From a physical point of view, open GW 
invariants (virtual counts of maps from bordered Riemann Surfaces) arise 
naturally from the propagation of open strings. Mathematically, they offer 
the opportunity to tackle the combinatorial complexity of GW invariants 
by making their study even more local. The strategy of the topological ver- 
tex ([AKMV05J) is to associate certain combinatorial gadgets to each fixed 
point of a toric variety, and give "gluing rules" that reconstruct GW invari- 
ants. Philosophically (and physically), these gadgets should correspond to 
open invariants relative to branes intersecting the fixed lines containing the 
given vertex. In [LLLZ09J, a limiting argument is used to motivate a math- 
ematical theory of the topological vertex in terms of relative GW invariants. 
Katz and Liu QKL02J) take a different approach towards open invariants: 



when the target admits an antiholomorphic involution a, they define open 
invariants by picking the cr-invariant portion of the obstruction theory in 
ordinary GW theory. 

In [BC10I, Katz and Liu's approach is generalized in two different di- 
rections. First, it is noted that the construction can be made local: inde- 
pendently of the global geometry of the target, disc contributions to open 
invariants are computed by sitting a neighborhood of the fixed (affine) line 
where the disc is mapping inside a resolved conifold. This gives rise to a lo- 
cal theory that is very similar (and possibly identical) to the mathematical 
topological vertex of Li-Liu-Liu-Zhou. However it is now not straightfor- 
ward that open invariants should glue correctly: this is the significance of 



Proposition 6.1 The second generalization porters open invariants to the 
orbifold setting. The second author is currently working on a formulation 
of a general theory of the orbifold vertex, and of an extension of the gluing 
results. Our formulation of open invariants bypasses the technical problem 
that the foundations of relative stable maps to orbifolds have not yet been 
laid. One could also argue that the involution invariant approach is natu- 
rally tuned to the study of orbifold geometry (which is essentially "locally 
G-invariant geometry" ) . 

Our opinion is that the worth of a local theory (especially if defined via 
localization) should be measured by its success in addressing global ques- 
tions. One of the most intriguing conjectures in GW theory, the crepant 
resolution conjecture, predicts a relation between orbifold GW invariants of 
a Gorenstein orbifold and GW invariants of its crepant resolution (when it 
exists)^] A natural question is whether the CRC is compatible with gluing, 
and can therefore be addressed locally. In this paper we study this question 
for a simple and yet non-trivial geometry, and give a positive answer. 

Recently, Brini ( jBrillj ) made a proposal, based on open mirror symme- 
try, on how to relate open invariants under crepant transformations. Verify- 



ing that his proposal agrees with Theorem 5.1 is on our immediate agenda, 
as it would provide further evidence towards the validity of our program, 
but most importantly it would validate Brini's proposal as a conjectural 
formulation of a vertex CRC. 

1.3. Organization of the Paper. In Section [2] we review open Gromov- 
Witten invariants and describe the computational methods for computing 
the open invariants of JC-pi © Opi and [C 3 /^]. We finish the section by 
computing explicit formulas for certain hyper-elliptic Hodge integrals which 
show up in later computations. Sections [3] and [4] are the computational meat 
of the paper in which we compute all relevant open invariants. In Section 
[5] we show that the open invariants satisfy the open crepant resolution con- 
jecture. In section [6j we show that open invariants can be glued to obtain 



1 There are various incarnations of the CRC, of different level of and generality. Here we 
only focus of the most concrete (and restrictive) version, which applies to our geometry. 
A nice survey of this rich story, containing the most general formulation, is [CR10] 
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closed invariants. Finally, in section [7] we show that the closed CRC for 
[(O p i(-1) O p i(-1))/Z 2 ] can be deduced from the open CRC. 

1.4. Acknowledgements. Many thanks to Dagan Karp for pointing our 
attention to this geometry as a natural first step in our program. To Melissa 
Liu for helpful comments about the paper and for pointing our attention to 
existing literature we were unaware of. To Andrea Brini for constant com- 
munication on his parallel work. We are also grateful to Vincent Bouchard, 
Y.P. Lee, Sara Pasquetti, Yongbin Ruan, Hsian-Hua Tseng for many inter- 
esting discussions related to this project. Finally we would like to acknowl- 
edge the AIM workshop Recursion structures in topological string theory and 
enumerative geometry, where the idea of a crepant resolution conjecture for 
open invariants was discussed. 

2. Preliminaries 

2.1. Open Invariants. In [KL02], Katz and Liu propose a theory for com- 
puting open Gromov-Witten invariants, a generalization of ordinary Gromov- 
Witten theory computing virtual counts of maps from surfaces with bound- 
ary satisfying certain boundary conditions. Consider a Calabi-Yau threefold 
X and a special Lagrangian submanifold L. Fix integers g and h and a rel- 
ative homology class (3 6 H2(X, L;Z) with df3 = G Hi(L,Z). Then 
the open Gromov-Witten invariant N^' 7h is a virtual count of maps 
/ : (E, as) -> {X, L) satisfying 

• (E,5S) is a Riemann surface with genus g and h boundary compo- 
nents, 

• /*[£] = /3, and 

• /*[£>£] =£ 7 i- 

In order to compute open invariants, Katz and Liu propose an obstruction 
theory for the moduli space of open stable maps M g! h(X, L\[3; 7$) ( |KL02| 
section 4.2]). Under the assumption that the moduli space can be equipped 
with a well-behaved torus action, they give an explicit formula for how the 
corresponding virtual cycle restricts to the fixed locus of the torus action. 
A particularly interesting aspect of this theory is that the virtual cycle does 
depend on the torus action. In other words, different torus actions lead to 
different invariants. This reflects the framing dependence of open invariants 
discussed in |AKV02| . 

The computational key to the Katz and Liu setup is the assumption that L 
is the fixed locus of an anti-holomorphic involution. A map from a bordered 
Riemann surface mapping boundary into L can then be doubled to a map 
from a closed Riemann surface ( |KL02| section 3.3]). Open Gromov-Witten 
invariants are defined/computed from the involution invariant contributions 
to the ordinary Gromov-Witten invariants corresponding to the doubled 
maps. 
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Katz and Liu then specialize to compute disk invariants of Opi(— 1) © 
Opi(— 1), where L is the fixed locus of the anti-holomorphic involution 
(z,u,v) — > (l/z,vz,uz). Key to the computations are the Riemann-Hilbert 
bundles L(2d) and N{d) over (D 2 , S 1 ) defined in |KL02l Examples 3.4.3 
and 3.4.4]. The sections of the Riemann-Hilbert bundles are identified 
torus-equivariantly to the involution invariant sections of H°(P , 0{2d)) and 
H 1 (¥ 1 , 0(-d) © 0(-d)), respectively. 

Our open invariant computations stem from making Katz and Liu's con- 
struction "local" , as we now explain. We represent a toric Calabi-Yau 3-fold 
via its web-diagram, a planar trivalent graph where edges correspond to 
torus invariant lines and vertices to torus invariant points. Equipping the 
space with a C* action and lifting the action to the moduli space of open 
stable maps, the fixed loci consists of maps decomposing as 

• compact components of the source curve contracting to the vertices, 

• multiple covers of the fixed lines of the 3-fold, fully ramified over 
fixed points, and 

• disks mapping with appropriate winding to edges equipped with a 
lagrangian. 

The contribution from the first two items can be computed using standard 
Atyiah-Bott localization whereas the contribution from each disk is com- 
puted by applying the Katz-Liu setup to a formal neighborhood of the fixed 
point where the vertex of the disk is mapped. 

2.2. Orientation Convention. A subtlety arises in the computations. Al- 
though the sections of H°(L(2d)) are naturally isomorphic to the sections 
of H° (Opi (2d)) , there is not a natural choice of isomorphism between the 
sections of H 1 (N(d)) and the sections of H 1 (Opi(—d) © O-pi(-d)). Rather, 
the latter correspondence depends on a choice of orientation for the sections 
(sec [KL02, Section 5.2]): a a invariant section of -ff 1 (Opi (— d) © Opi(— d)) 
in local coordinates at has the form 



The space of involution invariant sections is identified (torus-equivariantly) 
with a complex vector space by the first projection if using the coordinates 
<ij, or by second projection if using the coordinates bj. This choice results 
in different open invariants: in the first case the weights of the sections are 
the C*-weights of the sections of the left hand side Opi(— d), in the second 
case of the right hand side Ofi(-d). Ultimately the choice of orientation 
yields a global factor of (— l) d+1 where d is the winding of the disk. 

In order to track the choice of orientation, we make the following conven- 
tion. 

Orientation Convention 2.1. Throughout the paper, we add an arrow to 
each edge intersecting a Lagrangian. The corresponding disk contributions 

6 





Figure 2. C 3 with one oriented half-edge denotes both that 
we are computing open invariants with disks lying along the 
horizontal edge and distinguishing that the identifications of 
a invariant sections is obtained by projecting onto the bundle 
corresponding to the vertical edge. 




Figure 3. BZ2 gerbes are denoted in bold and orientations 
have been chosen using the convention above. 



are computed identifying the involution invariant sections of H 1 (Opi(—d) ® 
Opi(— d)) via projection to the sections of the bundle to the left of the arrow. 

In [BC10], the methods of Katz and Liu are extended to the orbifolds 
[C 3 /Z n ]. Analagous to computing closed orbifold Gromov-Witten invari- 
ants, the open orbifold Gromov-Witten invariants of [<C 3 /Z n ] are defined/computed 
by considering only the contributions to the open invariants which descend 
to the quotient. In both jKLn2j and |BC10j . the open invariants defined via 
the A-model are verified against B-model predictions. 

2.3. Hyperelliptic Hodge Integrals. In this section we prove a closed 
formula for a generating function which packages the hyperelliptic Hodge 
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integrals of the form 

(1) L(g,i,m):= f W^iW 

J M 0] 2g+2,0(BZ 2 ) 

where m is a multi-index (mi, mi), |m| := mi + ... + mi = i — 1, and 

~r rn i mi / mi 

ip := Ipi ■ ... ■ 1p, . 

Remark 2.2. Recall that M-o-^g+2,0 (SZ2) is the moduli space of maps from 
genus zero curves into BZ2 with (2g + 2) twisted marked points. Each such 
map corresponds to a (possibly nodal) genus g double cover of the source 
curve ramified over the marked points. We have two natural forgetful maps: 

(2) Mo-2g+2,o{BZ 2 ) 



Y 

by sending a map to the corresponding double cover of its source curve. The 
lambda classes on A^o;2g+2,o(^^2) are defined to be 

Xi := a(F*E) 

where E is the Hodge bundle on M. g . The psi classes are defined via pull- 
back from -A/f();2g+2 • 

For a fixed i and fn with \m\ = i — 1, define the generating function 



(3) Ci,m( x ) := ^2 L (9, 



x 2g 



9 

We know from the X g \ g -i computation jFPOOl IBP081 IBCT06| that 

( 4 ) A,0 = log sec (|) 
and we also know from |Cav08| that 

(5) = ^p^i,0 
The following theorem generalizes ([5]). 

Theorem 2.3. 

V mi,..., mi J i\ 

Remark 2.4. This formula appeared independently in Danny Gillam's PhD 
dissertation. He computationally verified the result for / < 4. 

Proof. We use induction on the multi-index m. Given a multi-index m = 
(mi, m/%) with \m\ = j — 1, we know the result is true if either j = 1 or 
k = 1. Suppose the lemma holds when 



(1) j < i and 

(2) j = i,k<l. 

Under these assumptions, we show Q holds when j = i and k = I + 1. 
Notation. Write m = (mi, mi,mi+i) and set m' = (mi,...,m,i_i,mj) 
where := mi + mi + \. For a subset j4 C {1, / + 1}, we write m(A) for 
the multi-index which is equal to m in the entries indexed by numbers in A 
and equal to in the other entries. A c denotes the complement of A. m[k] 
denotes the multi-index m with the first entry replaced by k. 

We prove the recursion by evaluating via localization auxiliary integrals 
on -Mo;2g+2,o(lP 1 x BZ2, 1). This moduli space parametrizes double covers of 
the source curve with a special rational component picked out. By postcom- 
posing the usual evaluation maps with projection onto the first factor, we 
have evaluation maps to P 1 which we denote by e,. The auxiliary integrals 
are: 

All 

J A 9 A 9 _^ ({1}c) e ;(o) e ; +1 (o) e ^ +2 (oo) 

A2: 

J A 9 A,_^ ({1}C) er(0)er +1 (0)e* 29+2 (oo) 

Remark 2.5. (1) In each integrand, we do not include the ipi part of the 
Hodge integral. The tfji classes in the result make an appearance 
through node smoothing. The other tp classes correspond to the 
marked points with the matching index. 

(2) We have abused notation in order to make the expression legible. By 
Aj we intend c^ i (i? 7r* f*0) where the trivial bundle is linearized 
with weights: the lambda classes are how these classes restrict 
to the fixed loci. By e*(0) (resp. e*(oo)) we denote c^' (ejfC(l)) 
linearized with weight 1 over and weight over oo (resp. over 
and —1 over oo). These classes essentially localize to require the 
corresponding mark point to map over (resp. oo). 

(3) The difference in the two auxiliary integrals is that we have "spread" 
the t/j classes on the two points fixed over in two different ways. 

(4) Both integrals vanish by dimensional reasons. In both integrals the 
degree of the class we integrate is 7712 + ••• + "ty+i + 3 + 2g — i and 
this is strictly less than 2g + 2 (because m\ + ... + m; + i = i — 1 and 
mi > 0). 

(5) Localizing Al yields relation ([8]) among Hodge integrals where all 
terms are already known by induction. Localizing A2 we get a re- 
lation ([9]) computing one unknown Hodge integral in terms of in- 
ductively known ones. Noticing that ^ and ^ are proportional to 
each other allows one to determine the desired integral. 
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Analyzing the obstruction theory via the normalization sequence of the 
source curve, one sees that the maps in the contributing fixed loci satisfy 
the following properties (|Cav06j for more details): 

• The preimages of and oo in the corresponding double cover must 
be connected. 

• One distinguished projective line in the source curve maps to the 
main component of the target with degree 1. The corresponding 
double cover has a rational component over the distinquished pro- 
jective line. 

• The Ith and (I + l)th marked points must map to while the {2g + 
2)th marked point must map to oo. 

The contributing fixed loci are: 

F g : All marked points except for the (2g + 2)th map to 0. The cor- 
responding double cover contracts a genus g component over and 
does not have a positive dimensional irreducible component over oo. 
This locus is isomorphic to A^o;2g+2,o(^^2)- 

Fg li92 : 2gi + 1 marked points map to and 2g2 + 1 marked points 
map to oo (this includes the points that are already forced to map 
to and oo). The corresponding double cover contracts a genus g\ 
component over and a genus 52 component over 00. This locus is 
isomorphic to A4o;2 9l +2,o(SZ 2 ) x A^ ;2g 2 +2,o(^2)- 

The mirror analog of F g is not in the fixed locus because we are requiring 
that at least 2 marked points map to 0. 

The first integral evaluates on the two types of fixed loci to: 

\g\g-iip = —L(g, 1, m) 

(Fgi ,g 2 ) '• 

2 (~ 1 )' \ ^ / 2g+l-l \ /_]\fc-|rfE(A c )|-l 

Pi ^ ^ V2ffi + l-|>l|y 

k=l AC{2,...,1-1} V Mi 1 17 

A sl A fll _ i+ ^r fcHMA)hl ^VrCi +i 

■M ;2 92+ 2,0(BZ 2 ) 



where we only sum over subsets A which keep the powers of ip classes 
nonnegative. The subset A determines which ip classes map to and the 
binomial coefficient corresponds to the number of ways to distribute the 
marked points with no corresponding ip class in the integral. 
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Now write riA,k for the multi-index m(A c ) [k — \m(A c ) \ — 1] . The vanishing 
of the integral and the above computations yield the following relation: 



i-1 



9i fe=l AC{2,...,l~l} V yi 1 17 

(7) • L(g 1 ,i- k,m- TiA,k) ■ L(g 2 ,k,n Atk ) 

Evaluating the auxiliary integral for all genera and packaging ([7]) in gener- 
ating function form: 

d 1 - 1 _ 
dx 1 - 1 i ' m ~ 

i- 1 _ c / ^-l-l^l \ / d\A\ \ 

fc=lAC{2,...,Z-l} \" / V" / 

The second integral leads to a very similar relation: 

d 1 - 1 _ 

fc=l AC{2,...,Z-1} \ / \ / 

By definition, n^fc = n' Ak , so 

(10) dsW *' nA ' k ~cfcW 

Also, the induction hypothesis implies (because k > 1) that 

1 j dx /-i-|A|^-^-^, fe - m/!mm , da; i-i-|A|^-fe^'-n' 



/i.fc 



Therefore the left hand sides of Q and Q are term by term proportional 
and we can conclude, 

(12) ^ C = ( m * + m '+i) ! d ^ £ 

d x l-i l ' m m/!m/ +1 ! dx l ~ l l ' m 

Now recall that /(to) = I + 1, so in order for J \ g \ g _iVp m to be defined, we 
must have at least I + 1 marked points in our moduli space. Thus, in order 
to get a nontrivial integral, we must have 2g + 2 > I + 1. All coefficients of 
monomials of smaller degree than x l ~ l in both generating functions vanish 

li 



Figure 4. The web diagram for /Cpi © Opi , and the special- 
ized toric weights. 



and we can conclude that 



(mi + mi +1 )\ 

^i,m — . ■ >-i.m! 

mi\m l+ i\ 

(mi + mi +1 )l fm 1 + ... + mj\ 2 J_1 , 



m/!m i+ i! \ m 1 ,...,m' l 



V m l; ■•■> m i+l / l - 

where we use the induction hypothesis again on the second equality. □ 

All £i t m can be further packaged in one jumbo generating function (with 
infinitely many symmetric variables qi keeping track of all possible descen- 
dant insertions): 

(14) C(x,q):=J2^i,fnf i 

i,fn 

Corollary 2.6. 

< 15 » c = -K( 2 a,») = rh^" (1) 

Proof. The first equality follows immediately from theorem (2.3). The sec- 
ond is obtained by plugging Q for £^0. 

□ 

3. Open Gromov-Witten Invariants of /C p i © C P i 

In this section we compute the open GW invariants of /Cpi © Opi. We 
give the space a C* action with (Calabi-Yau) weights as in Figure [4j 

In local coordinates at the top vertex, the action is defined by A- (z, u, v) = 
(A • z, A -2 • u, A • v). Similarly for the bottom vertex. The C* fixed maps are 
quite easy to understand: 

• The source curve consists of a genus (possibly nodal) closed curve 
along with attached disks. 

• The non-contracted irreducible components of the closed curve must 
be multiple covers of the torus invariant P . 
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• The disks must map to the fixed fibers of the trivial bundle with 
prescribed windings at the Lagrangians. 

Analyzing the obstruction theory via the normalization sequence of the 
source curve, one sees that the weight at the bottom vertex limits the 
possible contributing maps in the following ways: 

• Maps with positive dimensional components contracting to the bot- 
tom vertex do not contribute. 

• Maps with nodes mapping to the bottom vertex contribute only if 
the node connects a cZ-fold cover of the invariant P 1 to a disk with 
winding d. 

Fixed loci Fr are indexed by localization graphs as in Figure [5} The 
combinatorial data is given by three multi-indices: 

• k\, ki the degrees of the multiple covers of the invariant P 1 which 
do not attach to a disk at the bottom vertex. 

• d\, d m the winding profile of the disks with origin mapping to the 
top vertex. 

• d m+ i, ...,d n the winding profile of the disks with origin mapping to 
the bottom vertex or equivalently if n > 1 these are the degrees of 
the multiple covers of the invariant P 1 which do attach to a disk at 
the bottom vertex. 

• If n = 1, we have the possibility of maps from a single disk mapping 
the origin to the bottom vertex, we label the locus of such maps V . 

With the given multi-indices, the fixed locus -Fr is isomorphic to a finite 
quotient of o,n+z where we interpret A4o,i and A4o,2 as points. Define the 
contribution from a fixed locus T to be 



where i*[A^] vir is the restriction of the virtual fundamental class (proposed 
in [KL02]) to the fixed locus and A/vi r denotes the virtual normal bundle of 
Fr in the moduli space of stable maps. 

In order to package the invariants in the Gromov-Witten potential, we 
assign the following formal variables: 

• q tracks the degree of the map on the base P 1 

• y^ tracks the number of disks with winding i at the top vertex 

• y. tracks the number of disks with winding i at the bottom vertex 

• x tracks insertions of the nontrivial cohomology class (conveniently 
this class is a divisor). 



(16) 
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Figure 5. The open localization graphs have bi-colored ver- 
tices to keep track of which vertex components contract to, 
and decorated arrows to represent disks mapping with given 
winding. 



The open potential is computed by adding the contributions of all fixed 
loci: 



(17) + £ OGW(r)( qe *r^ + ~ +d "y% • ... • y d yZ +1 • - ■ V { £ 

iyr' 



In (17), r' denotes graphs consisting of a single white vertex and arrow 



labelled with winding d. For non-degenerate graphs r / T', we denote by 
OGW(T) the contribution to the potential from the fixed locus indexed by 
r, including invariants with any number of divisor insertions. Following the 
obstruction theory for open invariants proposed in (KL02| . OGW(T) are 
computed using the following ingredients: the euler class of the push-pull of 
the tangent bundle, the euler class of the normal bundle of Fp in the moduli 
space of stable maps, and all relevant automorphisms of the map: 

, 10 v 1 f <-R'^f* T lc rl ®o vl ) ■ (inf. aut.) 

(is; 



| glob. aut. | J F (smoothing of nodes) 

For convenience, we organize the computation on each locus V into three 
parts: 

• Closed Curve: This consists of a closed curve contracting to the 
upper vertex as well as multiple covers of the torus fixed P . We 
choose not to include the d-covers of the fixed line which are at- 
tached to a disk mapping with winding d to the bottom vertex. The 
contracted component contributes (— 2t 3 ) -1 from the push-pull of 
the tangent bundle and each /c-cover contributes 



(19) 



-t e J ff 1 (C(-2A;)) (-l) fc (2k - 1 



k 2 eH (O)eH°(O(2k)) tk 2 \ k 

14 



(20) 



(21) 



Here we have included both the global automorphism of the k : 1 
cover and the infinitesimal automorphism at the point ramified over 
the bottom vertex. 

Disks: A disk can either be mapped to the top or the bottom vertex. 
Following Katz and Liu [KL02J, the contribution of a disk mapping 
to the top vertex with winding d is given by 

leH 1 {N{d)) {-l) d+1 (2d- T 



deH°(L(2d)) td \ d 

where L{2d) and N(d) are defined in Examples 3.4.3. and 3.4.4 
of [KL02j. We have divided the contributions in a way that the 
contribution of a disk mapping to the bottom vertex also includes 
the contribution of the multiple cover attaching it to the contracted 
component. The reason for this is that the combined contribution 
becomes 

1 eH^Oj^d)) eH l {N{d)) eH°(N /x ) 
d 2 eH°(O)eH (O{2d)) eH°{L{2d)) \ - \ 
1 (-l) d+1 (2d-\\ 1 -Ot 3 



d 2 t 2 V d Jtl-i 

v 'da 

td V d 

which is the same as the contribution of the disk at the top vertex. 

Remark 3.1. In order to interpret the expression j^fr m the above 
equations, recall that it arises as SlS2S3 where the Sj sum to 0. As 

n ' S1+S2 1 

S3 — > 0, the quotient tends to — S\S2- 

• Nodes: Since we have already accounted for the nodes at the bottom 
vertex (those attaching winding d disks to d : 1 covers), this piece 
only contains the contribution from nodes at the top vertex. For 
each such node connecting either a disk of winding d or a curve of 
degree d to the contracted component we get a contribution of — 2t 3 
from the push-pull of the tangent sheaf and a contribution of jj — 

from node smoothing. 

Putting the pieces together: 



OGW(r) -^ut(rifJ^rl h )l\^d—{ di ) 

(22) .(_2t 3 )'+"- 1 1 ' 



'M , n+l U(i-^)U(i-^i+i) 

where Aut(r) is the product of the automorphisms of the ordered tuples 
(di, ...,d m ), and (d m+1 , d n ). 
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Applying the string equation to the integral and simplifying, ( 22 ) becomes 



OGW(T) 



(23) 



>Z+n— 1 



|Aut(r)| 



n 

i=l 



(-1) 



ki+1 



2ki - 1 

ki 



JJ(_1)* 



8=1 



2d, ; 



d, 



(d+fc) 



i+n-3 



where d = ^ dj and = ^ fcj. 

Recall now that the contribution of a disk is the same regardless of 
whether it maps to the top or bottom Lagrangian. Therefore, if we let 
T(d; k) denote all r / f with winding profile d = (di,...,d n ) and fixed 
), we can attach the formal variables and compute: 



-,1+n-l n 



V OGWCT) = _ , , 

|Aut(d) ^\ 

(24) 



8=1 



2d; - 1 N 

d ? ; , 



|Aut(*)| 



1 (-ijAi+i^e*)** /2fcj - 1 



2+n-3 



We now sum over all k with ^ fcj = k. In order to do this, set 

(2k- V 



(25) 



F(X,Y) :=exp ( £ 

EE 



i 



|Aut(fc)| 



K>1 



i-l) fc ' + 1 (2ki - 1 



.i=l 



k; 



X K Y 



X kyl 



where the second sum is over all /-tuples k = {ki,...,k{) with ^ ki = k. 
The sum of all contributions with fixed winding profile (di, d n ) and with 
(ki, ...,k[) satisfying ^ fcj = /c is obtained by specializing Y = 2(d + k) and 
multiplying the coefficient of X k by an appropriate factor: 



in— 1 



=fcrer(d ; fc) 



i=l 



2di - 1 

d< 



(26) 



(<^) fc (d + A0^F(X,2(d + fc))k*. 



m— 3 



(27) 



To handle (|26|), we find a closed form expression for F. Start with the 
•Ik - \ \ ^ kvk 1 l-vT+4X 



known generating function 



E 

fc>i 



A; 



2 VI + 4A 
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If we divide by —X and formally integrate term by term (imposing that the 
constant term is 0), we get 



„ \fc+i 

(28) 



k>l v 7 v 

Finally, we can write 

F = exp (y In Q(l + Vl + 4X)J J 



(29) 



1 l y 



There are a few interesting comments to make at this point: 

• Setting G := |(1 + Vl + 4X), we see that G = 1 + X ■ C{X) where 
C(X) is the generating function for the Catalan numbers. 

• G satisfies the recursive relation G n = G n ~ l + XG n ~ 2 . 

• It is easy to see that the recursion and the relation between G and 
the Catalan numbers are equivalent to the array of coefficients of G % 
taking on a slight variation of two classical combinatorial objects, 
as illustrated in Figure [6j Here "slight variation" is probably best 
described by looking at the first few terms in Table [T] 

Using the recursion and induction, one easily proves the following lemma. 
Lemma 3.2. If d> 0, the X k coefficient of G 2 ^ d+k "> is 

'k + (2d -l)\d + k 



(30) V M-l ) 4 

The X k coefficient of G 2k is 2. 

These are precisely the coefficients we need. Therefore, we can conclude: 



G 

z 

G 



Catalan Triangle 



Lucas Triangle 



Figure 6. The coefficients of G n as classical combinatorial numbers. 
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1 


X 


x 2 


x 3 


x 4 


.x 5 


x 6 


7 

X 


x 8 


Q 

X 


G 


1 


1 


-1 


2 


-5 


14 


-42 


132 


-429 


1430 


G 2 


1 


2 


-1 


2 


-5 


14 


-42 


132 


-429 


1430 


G 3 


1 


3 





1 


-3 


9 


-28 


90 


-297 


1001 


G 4 


1 


4 


2 





-1 


4 


-14 


48 


-165 


572 


G 5 


1 


5 


5 








1 


-5 


20 


-75 


275 


G 6 


1 


6 


9 


2 








-1 


6 


-27 


110 


G 7 


1 


7 


14 


7 











1 


-7 


35 


G 8 


1 


8 


20 


16 


2 











-1 


8 


G 9 


1 


9 


27 


30 


9 














1 


QlO 


1 


10 


35 


50 


25 


2 















Table 1. The first coefficients of the series of G n . 



From equation (26), if (di, ...,d n ) ^ 0, then 



|fc|=fcrer(d;fe) 1 v 71 »=i 

(3D •ri(-i)*( 2 V 1 )B^^- 2 C + 2 i M i i: 

i=l v 7 fc>0 v 



(ge 



• Also from equations (26), if (di, ...,d n ) = and (k\, ...,ki) ^ 0, then 
(32) J2 E OGW{T) = ^(qe*) k . 

|fc|=fcrer(0;A;) 

Here we have recovered the Aspinwall-Morrison formula for /Cpi © 
Opi. 

Finally recall that: 

• If both d = and k = 0, then the locus consists of the degree maps 
with only divisor insertions which can be computed via localization 
to be 



(33) 



-x 3 



12 



• The contribution from a locus r' consisting of a single disk mapping 
to the bottom vertex with winding d is given by 

(34) ^vf- 
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Adding all contributions we conclude that 



OGW KvX ®o vl {x,q,yf \yf ') ,,, 



-1 X d 



k>l 



d>l 



+ E 

(d u ...,d n )^$ 



nn — 1 n 

' 2 .(*) , JVr^ 



_d-|Aut(d)|^ 

k>0 



i=l 



2(L - 1 



In a neighborhood of x = — oo we have: 



(36) 



E 

fc>0 



k + Vd-i) w , fl . rl 



(qe 



x\d 



(1 - qe 



x\2d ' 



Using ( 36 ) we can express ( 35 ) 



(37) V(d • /,•)" - (k ' 12,1 



fc>0 



2d -I ) yq ' (qe x ) d dx n ~ 2 \(l - qe x ) 2d 



where differentiation/integration is computed formally termwise. When n > 
2, there is no ambiguity as £ n -2 is a derivative. When n = 1, we must 
practice a little bit of caution as the integral is only defined up to translation. 
Notice that 



(38) 



^Er^f t+ i M 7 1) )(^)' +J 



x^-oo * — ' k + d 
k>0 



2d -I 



0, 



hence by 



x\d 



(qe*) 



(1 - qe x ) 2d 



d.x 



we denote the antiderivative having limit as x approaches — oo. 

We conclude this section by putting the open potential in its simplest 
form: 
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Figure 7. Toric diagram for [C 3 /Z 2 ] and C* weights. 



Proposition 3.3. The open Gromov-Witten potential (sans fundamental 
class insertions) for /Cpi © Opi is 



-1 
12 ; 



1 



+ 



E 

d>l 



d 2 



\d+l 



(qe x ) d 
(l- qe x)2d dx 

n 

(qe x ) d 



k>l 



x\d 



k 3 



2d -I 

d 



1 



+ 



E 

.,d„(n>2) 



(ge x ) d 

_ 2 n-l 



d- \Aut(d)\ 
1 



=i 
d- 2 



2di - 1 

di 



(qe x ) d dx n ~ 2 V(l - qe x ) 2d 



The first line is the closed contribution, the next two lines are the contri- 
bution from curves with one boundary component, and the final two lines 
are the contribution from curves with more than one boundary component. 

4. Open Orbifold Gromov-Witten Invariants of [C 3 /Z 2 ] 

In this section we compute the open orbifold GW invariants of [C 3 /Z2] fol- 
lowing |BC10j . We define a C* action on the orbifold with weights described 
in Figure [7j 

We characterize the C* fixed maps: 

• The source curve consists of a genus closed curve along with at- 
tached disks. The closed component can carry (possibly twisted) 
marks whereas a disk can only carry a mark at the origin (if it is not 
attached to a closed component). The attaching points of the nodes 
must carry inverse twisting. 

• The closed curve must contract to the vertex. 

• The disks must map to the twisted C with prescribed windings at 
the Lagrangian. 

Since we are working with a Z 2 quotient, we simply refer to points as 
twisted or untwisted as there is no ambiguity. A careful analysis of the 
obstruction theory via the normalization sequence of the source curve shows 
that the weight conveniently kills all contributions where a disk attaches 
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to a contracted component at an untwisted node. By dimensional reasons, 
all other marks must be twisted. 

Combinatorially, the fixed loci A are indexed by 

• m the number of insertions of the twisted sector and 

• d±, ...,d n the winding profile of the disks. 

Remark 4.1. Since all nodes and marked points are twisted, the maps re- 
stricted to the contracted component (maps into BZ2) classify double covers 
of the contracted component with simple ramification over m + n points. 
Since such a cover only exists if m + n is even, the loci are non-empty only 
when m + n is even. 

If we let z and Wd be formal variables tracking the twisted sector insertions 
and the winding d disks, then the open orbifold potential can be computed 
as 



z 

(39) OGW [&m {z,Wi) = Y J OGW{K)—w dl ■ ...-w d 



We now group the computation of OGW(A) into three components: 

• Closed Curve: The closed curve contracted to the vertex essen- 
tially carries the information of a map into BZ2 along with the 
weights of the C* action on the three normal directions. This classi- 
fies a double cover of the source curve. Analogous to [CC091 section 
2.1], the contribution from the closed component is the equivariant 
euler class of two copies of the dual of the Hodge bundle on the cover 
twisted by the weights of the action on the untwisted fixed fibers: 

(40) e(E! 1 (-l)©E! 1 (0)) 

• Disks: The disk contribution is laid out in |BC10, section 2.2.3]. 
This contribution is a combinatorial function depending on the wind- 
ing at the Lagrangian and the twisting at the origin of the disk. The 
localization step simplifies the disk contribution to two cases, either 
the origin of the disk is marked and twisted (possibly a node) or 
the origin is unmarked. For the particular case at hand, a disk with 
winding d and with twisting at the origin contributes 

1 (2d-l)!! 



(41) 
(42) 



2d (2d)!! 

whereas a disk with no mark and no twisting at the origin contributes 

1 

2dP' 

Nodes: We consider the nodes attaching a winding d disk to the 
closed component. Each one gets a t from the weight of the action 
on the twisted sector. Smoothing the node contributes t . 



2d 2 
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Putting together the three parts described above, we find that OGW(A) 

is: 



1 



|Aut(d)| 
1 



n 



1 (2dj - 1)!! 
f- = \2d (2di)\\ 

(2di-l)!! 



|Aut(d)| 



n 



(2ck)\\ 



(2t) 



E E 

1=1 bl=»-i 



ne e, (E V i( _ 1)eE V i(0)) 



nr=i(i-^) 

\g\g-i(dlpy 



where the integral is taken over .Mo;m+n,o(<£^2) , g = — (the genus of 
the cover of the closed curve) and (dip) J and \j\ are defined in section 



2.3 



Summing over all m (equivalently g) and specializing = dj in Thereom 



2.6, we see that the contribution to the open potential from all maps with 



a fixed winding profile d\, d n is given by 



(43) 



1 

|Aut(d)| 



n 



(2dj-l)!! 
(2*)!! 



jn-2 



dz n ~ 



sec 2d (z/2) 
2d 



There is no ambiguity for n > 2, but we must again be careful when n < 2. 

When n = 1 the above formula still holds, but since integrals are only 
defined up to translation, we must make sure and get the correct constant 
term. The constant term corresponds to the contribution from maps with 
one boundary component and no marked points. The only type of map in 
the fixed locus that satisfies this criteria is a disk with no marked points 
mapping with winding d. We've seen that the contribution from such a map 

When n = 0, we must compute the closed contribution. The maps must 
have at least 3 marked points to be stable, but any map into 37*2 must have 



an even number of twisted points (see Remark (4.1)). Since there are no 
disk or node smoothing factors, the contribution is 



(44) 



m = E /_ 

g>l J M 



>;2g+2, 0(6^2) 



z 2g+2 

X ^-\2g + 2)\ 



and the now classical A 9 A 9 _i result of Faber and Pandharipande [FPOOj 
implies that 4^H{z) = log(sec(z/2)). 

Pulling together everything from the above discussion, we prove the fol- 
lowing result: 
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Proposition 4.2. The open orbifold Gromov-Witten potential (sans funda- 
mental class insertions) of [C 3 /Z2] is 



OGW [C : i/Z2] (z,Wi) = H(z 

V- / 1 (2d-l)!! f sec 2d (z/2) , » 



(45) 



1 / A- (2dj - 1)!!^ f d"" 2 sec 2d (z/2) 

i j„^i 1 11 



\Aut{d)\\f = \ (2ck)U J \dz n ~ 2 2d 



di,...,d„(n>2) 

where the antiderivative is chosen to vanish at z = 0. 



w dl ■ ... • w dn , 



5. An Example of the Open Crepant Resolution Conjecture 



Now that we have computed the open potentials for [C /Z2] and its 
crepant resolution /C F i © C P i , we show that there is a change of variables 
which equates the stable terms of the two potentials. We start with the 
contribution from a given winding profile on the orbifold, we consider all 
contributions on the resolution with that same winding profile, and we show 
that the change of variables equates these contributions. More specifically, 
we show the following. 

Theorem 5.1. Under the change of variables 

x — )• iz 

(b) i 
Vd -> 2 Wd 

(*) _^ Jz\d 



(46) y d L> -> -w d 



e 



the open GW potential o//C P i © O v i analytically continues to the open GW 
potential of [C 3 /Z2] up to unstable terms. 

Proof. On the closed portion of the potential, we essentially (up to a harm- 
less weight factor) have the result of [BG09b, Section 3.2]. 

Now consider the winding d disk contribution on the resolution: 



1 [ f (qe x ) d d 
(qe x ) d J (I- qe x ) 2d 



v^) / , ,,/ 
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Making the change of variables, it becomes 

i , (-l) d+1 (i , iz . d , i . iz , d \ (2d -I 



(-e iz ) d 



I 



iz\d 



i i(-l) d+1 

Wd + ^d— Wd { d 



(1 + e iz ) 2d 
[2d -I 



dz 



2d? 



Az\d 



2^ Wd + i Wd 



2d -l 

d 



(1 + e iz ) 2d 



sec 2d (z/2) , 



(2 M ) 



Here we do not pay attention to the constant terms in the anti-derivatives 
since they correspond to unstable terms about which we make no claims. 
Hence we obtain: 



(48) 



1 (2d - 1 



d\ d 



sec 2d (z/2) , (2d— 1)!! f sec 2d (z/2) , 
"V/ / TT^FT^dz = , A ,/ / 2d ' 



(2 2d ) "~ (2d)!! 

the disk potential computed on the orbifold. 

Finally, consider a general term in the open potential of the resolution 
with winding profile d±,...,d n : 
(49) 



_ 2 n-l 

d- |Aut(d)| 



H(-i) di ( 

.i=i 



2d* - 1 

di 



1 d"~ 2 (_(q(f) d _ 
(qe x ) d dx n - 2 V(l -ge*) 



Making the change of variables, this becomes 

1\ 1 d n ~ 2 1 



d-|Aut(d)| ^ 



d, 



jn-2 ^ z n-2 2 2d 



sec 



2r/ 



(I) 



n 



(2di-\ 



2d-\Aut{d)\fJ [ 2 2d >- l \ d 



m-2 



dz 



n-2 



SCC 



2r/ 



(I) 



n 



(2d - 1)!! / d n ~ 2 sec 2d (f)' 



|Aut(d)|^ (2d)!! 



dz™" 2 2d 



Wdi ■ ■■■ ■ w dn 



and this final expression coincides with the contribution on the orbifold. 

□ 



6. Gluing Open Invariants 

In this section we develop rules for gluing open GW invariants to obtain 
closed GW invariants. For non-orbifold invariants, we develop a general 
rule for gluing invariants from trivalent vertices with any compatible torus 
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-b+ka 




Figure 8. A general edge in the web diagram of a toric 
Calabi-Yau has normal bundle Opi(-k) © O v i(k — 2). 



actions. For orbifold invariants, we specialize to the case of the Z2 quotient 
with the specific torus action introduced in the previous sections. 

6.1. Non-orbifold Gluing. In the spirit of the topological vertex [AKMV], 
we show in this section that the open invariants defined by Katz and Liu can 
be glued to obtain closed invariants of a smooth toric Calabi-Yau threefold. 
Any smooth toric Calabi-Yau threefold can be equipped with a C* action 
so that the three weights at any vertex of the web diagram sum to zero 
(Calabi-Yau weights). The torus action can be lifted to the moduli space of 
stable maps and the fixed loci consist of maps which contract components to 
the vertices and map rational components to the compact edges via multiple 
covers fully ramified over the vertices. The Gromov-Witten potential is then 
computed as a sum over contributions coming from these fixed loci. 

Placing a Lagrangian along each compact edge of the web diagram, we 
can "cut" each fixed locus into a locus of open maps at each vertex. In 
this section, we show that the contribution of the fixed locus to the usual 
Gromov-Witten potential can be obtained essentially by multiplying the 
corresponding open Gromov-Witten invariants. The standard procedure for 
localization computations of Gromov-Witten invariants shows that the only 
thing we need to check is that the contribution from a multiple cover of a 
compact edge can be recovered from the disk contributions on each half- 
edge. Specifically, we show that the degree d multiple cover contribution of 
O-pi(-k) © 0-pi(k — 2) can be obtained essentially by multiplying winding d 
disk contributions on each of the vertices. 

Proposition 6.1. Closed GW invariants of a smooth toric Calabi-Yau 
threefold are obtained by computing the open invariants at each vertex and 
then contract winding d contributions along the edges with a factor of 
J (— \) dk+l d if the half-edges have the same orientation 
1 (—l) dk+d d if the half-edges have opposite orientation. 

Proof. Figure [8] gives arbitrary Calabi-Yau weights for a neighborhood of a 
general fixed line in a toric Calabi-Yau. Assume k and a are positive. One 
computes the winding d disk invariant on the left vertex to be: 

(50 > Ma)II<«--'> 

i=i 
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and the winding d disk invariant on the right vertex is: 

- d-l 

(51) ^—llibd-akd + ai). 

i=l 

If we now multiply the two disk invariants, we get: 
(_1)<*+1 

(52) a 2d-2 rf 2( d! )2 II ( W " °*) ( W " ° fcd + °') 



We now compare ( [52] ) with the contribution to the closed GW potential of 
Of>i{—k) © 0pi(A; — 2) given by a degree d multiple cover. In the case k = 1 
we get immediately the same expression (up to the appropriate sign factor) . 
For k > 2, the contribution is: 



rdfc-l 

i — I i ' II 

(53) 



{ _ 1)d+ i U dk-l { _ M + ai) 



a^!) 2 nS- 2) (#-a)- W ) 
We can use the fact that 
(54) bd — ai = d{b — a) — ja <^=^ i = d + j. 



to write (53) as: 



n^-" U^.r n <«■ 



= 1 j^2 d(d!) 2 nc w - a ^ M - < dk - d+ ^ 

i=l 

Reversing the index on the second term in the product: 
(_l)d(fc+l) <tl 

(55) Q 2d-2 d ( d! )2 J. I ( W - a ») ( M " aM + °*) • 



Comparing ( 52 ) with ( 55 ) proves Proposition 6.1 when the half edges have 
the same orientation. We conclude the proof by remembering that changing 
the orientation affects the disk invariants by a factor of (— 1) +1 . □ 

6.2. Orbifold Gluing. Gluing orbifold disks has another level of com- 
plexity arising from the twisting at the ramification points of the multi- 
ple covers. At present, we simplify the scenario and show that we can 
glue disk contributions of [<C 3 /Z2] to obtain multiple cover contributions of 
[0{— 1) ffi 0{— l)/2y when we use the weights in Figure [9j 

Proposition 6.2. Orbifold GW invariants of [0{— 1) © 0{— 1)/^] are ob- 
tained by contracting open invariants with same winding at each vertex and 
scaling the orbifold Poincare' pairing by a factor of (—l) d d. 
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Figure 9. Special weights we use to check the gluing of 
orbifold disk invariants. 



Remark 6.3. The last part of proposition 6.2 means that open invariants 
with a twisted (resp. untwisted) origin on one side are multiplied with 
invariants with a twisted (resp. untwisted) origin on the other side of the 
edge, the product is scaled by (— l) d 2d. Then the two products are added 
to obtain the total contribution. 

Proof. In section [3] we computed disk invariants for the left vertex. The 
right vertex with the given weights and orientation gives the same invari- 
ants multiplied by a factor of (— l) d . In order to glue two orbifold disk 
invariants, we need to have matching windings and inverse twisting at the 
ramification points. For the Z2 case, this means that both origins are twisted 
or untwisted. The zero weight at each vertex reduces the circumstance to 
two cases, either the origins of the disks are marked and twisted, or they 
are both unmarked (hence, untwisted). If we multiply two winding d disk 
invariants twisted at the origin we get: 

1 (2d-l)ir " 



< 56 > { - l ^2i (*Q« 

On the other hand, if we multiply two winding d disk invariants which are 
untwisted at the origin we get 



(57) {-If 



1 

2d? 



We compare ( |56| ) and (57) to the contribution of d : 1 covers of the twisted 
P 1 in the orbifold [0(-l) 0(-l)/Z 2 ]. 

First consider a d : 1 cover fully ramified over and 00 with twisted marks 
at the ramification points. Since / maps into P 1 x it classifies a double 
cover of the source curve fully ramified over the twisted marked points. 
Pulling back the tangent bundle to this double cover and only considering 
the weights of Z 2 invariant sections, we can compute the contribution as 

1 eff 1 (O(-^)e0(-2d)) 1 / (2d-l)!! \ 2 
[ } 2d eH (O(2d)) " 2d \ (2d)!! J ' 

where the 2d in the denominator corresponds to the global automorphisms 
of the covers. Now consider a d : 1 cover fully ramified over and 00 with 
no marked points. Such a map classifies a double cover of the source curve 
with no ramification (i.e. two disjoint copies of the source curve). If we 
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Figure 10. Symmetry in the open potentials of the two 
open sets of Xpi x pi 



pull back the tangent bundle to the cover, then the Z2 invariant weights 
are the weights for one of the disjoint copies. Taking into account global 
automorphisms and the infinitesimal automorphisms at the ramified points 
of the source curve, one computes the contribution to be 



(59) 



1 eH^Oj-^eOj-d)) t -t J_ 
2d eH°(0(2d)) d~J ~ 2d?' 



The proof is concluded by comparing <\56« with (58) and (57) with (59). □ 



7. The Closed Crepant Resolution Conjecture via Gluing 

In this section we deduce the Bryan-Graber crepant resolution conjecture 
for the orbifold X = [0(— 1) © 0{— l)/^] and its crepant resolution Y = 
/Cpi xP i from the results of the previous sections. 

We saw in section [6T2] that there is symmetry in computing open invariants 
at the two vertices of [0{— 1)@0{— Vj/T,^] with the given C* action. In other 
words, the open potential for the right vertex in Figure [9] can be obtained 
from the open potential of the left vertex under the change of variables 



z 



-Wd 



Remark 7.1. Throughout the rest of this section, variables with a tilde cor- 
respond to formal variables on the right sides of the diagrams. 



Refer to Figure 10 for the resolution. Computing disk invariants for the 



right half of the diagram with the given orientations and weights leads to 
the exact same disk invariants computed in section [3j Therefore, the open 
potential on the right can be obtained from the open potential on the left 
by the change of variables 
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q -)• q 



x — > x 



(60) 




The setup for the crepant resolution conjecture is as follows. The Chen- 
Ruan orbifold cohomology of [0(— 1) © 0{— l)/^] has two generators in 
degree 2, the fiber over a point of P 1 and the class of the twisted P . We 
assign the formal variables and Z to correspond to insertions of these 
classes, respectively. Any map into the orbifold is classified by the degree on 
the twisted P , thus we only need one degree variable P. On the resolution, 
we have two insertion variables, corresponding to the fiber over a point in 
each P 1 , let these be X and Y. We also have two degree variables corre- 
sponding to the degree of a map on each P ; denote them Q and U, where 
Q corresponds to the P 1 which is dual to the divisor corresponding to X. 

Theorem 7.2. Under the change of variables 



the genus GW potential o//Cpi x pi transforms to the genus GW po- 
tential of [0(—l) © 0(— 1)/Z 2 ] up to stable terms. 

First we express the two potentials as a sum over the same set of decorated 
trees. We then describe how one can extract the contribution to the GW 
potential from each tree by multiplying vertex and edge contributions. The 
open crepant resolution statement proved in section[5]verifies that the change 
of variables equates the vertex contributions and edge contributions. 

Since the portion of the computation corresponding to degree maps into 
the orbifold is immediate from the closed computation done in section [5j we 
focus on contributions with nonzero powers of U and P. 

7.1. Closed Invariants of [0{-l) © £>(-l)/Z 2 ]. The closed potential of 
the orbifold can be expressed as a sum over localization trees: 

• black (white) vertices of the tree correspond to components contract- 
ing to the left (right) orbifold vertex; 

• edges of the tree correspond to multiple covers of the twisted P 1 
obtained by gluing disks. Each edge is decorated with a positive 
integer denoting the degree of the multiple cover. 



Q->-l 
U ->-P 



X^tiZ 



(61) 
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By the gluing results of section 6.2 closed GW invariants of the orbifold 



are obtained by gluing open invariants along half edges. For a given local- 
ization tree T with more than one edge, the corresponding contribution to 
the GW potential is given by 

(62) GW X {T) = J] V{v) J] E(e) J\ V(v) 

black vertices edges e white vertices 

In the above formula, V{v) and V(v) are the open invariants with winding 
profile corresponding to the edges meeting at v (with the formal variables z 
and z replaced with Z). In the case that v is univalent, only the contribution 
from disks with twisted origin is taken. The edge contribution is: 

, . (-l) d 2d(Pe w ) d 

(63 E(e) = - \ -. 

w d w d 

where e is an edge marked with d. The Pe w is from applying the divisor 
equation to the new divisor class obtained by gluing and the (—l) d 2d is the 



gluing factor of section 6.2 



In the case that T' is the tree with a unique edge labeled d, then one must 
also take into account the contribution from gluing two unmarked disks. The 
contribution in this case is 

(64) GW X (T') = V( Vl )E(e)V(v 2 ) + 7^(Pe W ) d . 

7.2. Closed invariants of /Cpi x pi. Again, the Gromov Witten potential is 
expressed as a sum over localization graphs. For each graph, collapsing all 
"vertical" edges (i.e. edges corresponding to multiple covers of the vertical 



fixed fibers) produces essentially a tree as in section 7.1, with the extra 
decoration of a subset S of the edges corresponding to edges mapping to the 
top invariant line. We forget this extra decoration to organize the potential 
as a sum over the same trees of section PlU 



By the results in section 6.1 the contribution to the GW potential from 



all loci corresponding to a given decorated tree T is: 
(65) GWy{T)= £ I \{V^(v) \{ E\e) ]J V<% 

.Sc{edgcs} \ black vertices edges e white vertices 

In the above formula, V^ s \v) and V^ s \v) are the open GW contributions 
from all fixed loci with winding profile determined by the edges meeting v 
(we replace the formal variables q, q with Q and x, x with X). If an adjacent 
edge is in S, this corresponds to a disk mapping to the upper Lagrangian 
and vice versa. Also 

-d(Ue Y ) d 



(66) E'(e) 



(t)-(t) 

Vd Vd 
-d(Ue Y ) d 

(b) -(b) 
Vd Vd 
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if e e S 



where e is an edge labeled with d. The — d is the gluing factor of section 6.1 
and the Ue Y comes from applying the divisor equation to the new divisor 
class created by gluing. 

Let V'(v) and V'(v) denote the open contributions corresponding to all 
fixed loci with winding profile (d%, d n ) given by the edges (e\, e n ) meet- 
ing v (summing over all possibilitiees for the disks to map to the top edge 



or the bottom edge). Undoing (24), we have: 



(*) 

yy 



V'(v) 



y^^ x ) d (v> (v) 

,C')rr J b )i 



1_ (&) 

d 2 y<i 

1 (b) 

ipyd 



4- 1 ?/ (6) 



n^ s y y ,>n ei ? s y y d °>(Qe x ) d > 

nn ( (t) , . fH,~ yvjA V \ V ) 



and 



yf(Qe x ) d 



-(b) 
yy 



V'(v) - ^yf 
n^ s y { :\Qe x ) d >Yl H t S y { £ „ . 



, i f/ w 



v univalent, e £ S 
v univalent, e ^ S 
else 

v univalent, e E S 
v univalent, e ^ S 
else 



Remark 7.3. In each of the above formulas for the vertex contributions, the 
third case is the generic case and the other two are adjusted to take into 



account the V loci of (17) 



7.3. The Crepant Resolution Transformation. In order to verify the 
Bryan-Graber crepant resolution conjecture, we show that after the pre- 
scribed change of variables, 



(67) 



GW Y (T) -4 GW X (T) 



for every decorated tree T. 

Even though our formulas for the vertex and edge contributions of GW%(T) 
and GWy{T) involve winding variables, these variables cancel in the prod- 
uct. Hence we can make any substituion for the winding variables and it 
does not affect the overall product. Motivated by the open crepant res- 
olution transformation, in the above formulas for GWy(T) we make the 
substitutions: 



(6) 
Vd 

(t) 
Vd 

Q 
x 



w d 



i-e^) d Wd 
-1 



iZ 



_(&) 
Vd 

~{t) 
Vd 

u 

Y 



-P 

iZ + W 
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By Theorem 5.1 under this change of variables V'(v) —> V{v) and V'{v) 



V(v). So for any S C {edges}, we have: 

42pWd v univalent, e G S 

f 



y (5) (? 



( \V{v) 

\V(v) + -^pWd v univalent, e S 
else 



and similarly, 



( ^V(v) + -£jpWd v univalent, e 6 S 



1 iWd v univalent, e $ S 



else 



Also, under the change of variables 

(70) E'(e) -»• 2£(e). 

Given any tree T with more than one edge, the extra terms on the uni- 
valent vertices cancel by summing over all contributions e £ S and e ^ S. 



Therefore, from (68), (69) and (70); 



GW Y (T) = 

e n n n ^« = ^ nvwy.) 

5c{edges} 

(71) =GW X (T). 



If T' is the tree with a unique edge labeled d: 

1 



(72) GW Y {T') = V{ Vl )E{e)V{v 2 ) 



2d 3 



Pe y ) d = GW X (T') 



Equations (71) and (72) establish Theorem 7.2 
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